Abstract. Suppose that G is a finite group and D(G) the quantum double algebra of G. Let A be the field algebra of G-spin models. There is a natural action of D(G) on A such that
Introduction
The classical Galois theory of fields has been generalized in two directions. On the one side, fields are replaced by commutative or even noncommutative rings. On the other side, group actions are replaced by Hopf algebra actions.
As one generalization involving both directions, the Hopf Galois theory has developed rapidly. The definition of Hopf Galois theory has its roots in the ChaseHarrison-Rosenberg approach to Galois theory for groups acting on commutative rings [3] . In 1969 Chase and Sweedler in [4] extended these ideas to coactions of Hopf algebras acting on a commutative ring. In 1981 Kreimer and Takeuchi gave a general definition of finite noncommutative Hopf Galois extensions [13] . Since then the Hopf Galois theory has been studied by many mathematicians; for example, see [2] , [18] , [7] , [15] , [19] , [20] .
The Galois correspondence for group actions has been studied in detail in various forms. C. Dong and G. Mason initiated a systematic search for a vertex operator algebra with a finite automorphism group, which is referred to as the operator content of orbifold models by physicists or as quantum Galois theory for finite groups [6] , [9] . There are other Galois correspondences which are relevant to quantum Galois theory for finite groups, especially in the context of subfactors [11] , [12] .
The purpose of this paper is to give a quantum Galois theory for quantum double algebras of finite groups acting on the field algebra of G-spin models. Namely, suppose that G is a finite group and D(G) the quantum double algebra of G. Let A be the field algebra of G-spin models. There is a natural action of D(G) on A such that A becomes a D(G)-module algebra. Under such an action, the Hopf subalgebra D(G; H) of D(G), which is determined by a subgroup H of G, is Galois closed.
Preliminaries
Suppose that G is a finite group with a unit e. The G-value spin configuration on the 2-dimensional square lattices means the map σ : Z 2 → G with energy functional:
where the summation runs over the nearest neighborhood pairs of points in Z 2 and f : G → R is a function of positive type. This kind of classical statistical system or the corresponding quantum field theories will be called G-spin models [17] . The main motivation for studying such models is that they can provide the simplest example of quantum symmetry. In general, if G is Abelian, the models have a symmetry structure of G × G, where G is the Pontryagin dual of G. Otherwise, the Pontryagin dual loses its meaning and one often considers the quantum double D(G) of G [14] . Definition 2.1. Let C(G) be the algebra of complex functions on G and let CG be the group algebra of G over the complex field C. The quantum double D(G) is the crossed product of C(G) and CG with respect to the adjoint action of the latter on the former.
D(G)
is a simple example of the quantum double construction of Drinfeld, whose structure maps are as follows:
Also as in the traditional quantum field theory, one can define a field algebra A associated with the models. Definition 2.2. The local field algebra A l of G-spin models is a unital algebra generated by
It becomes a *-algebra by defining (δ g (x))
Using the inductive limit, A l can be extended to a C*-algebra A, called the field algebra of G-spin models (for details, see [17] ).
The γ can be extended continuously to an action of D(G) on A, denote it by γ too, so that A is a D(G)-module algebra with respect to the γ ( [17] ). Namely it is a bilinear map with properties that:
Here and from now on, by a(S) we always denote the element γ(a × S) in A. All algebras in this paper will be unital algebras over the complex field C. For general results on Hopf algebras, one can refer to the book of Abe [1] . We shall use m, Δ, ε and S for the multiplication, the comultiplication, the counit and the antipode respectively. Also we shall adopt the summation convention, which is standard in Hopf algebra theory.
Field algebra of G-spin models and observable algebra
Suppose that H is a subgroup of G. the quantum double algebra D(H) of the finite group H and D(G; H) is that the former is a quasi-triangular Hopf algebra, while the latter is not [16] . Set
where ε is the counit on D(G; H). It is easy to see that
Since the map z H is a conditional expectation from A onto A H , namely a positive map with the bimodule property
A H is a nonzero C*-subalgebra of A, and we call it an observable algebra of Gspin models associated with the subgroup H [10] . In order to build the quantum Galois theory for D(G) acting on the field algebra of G-spin models, we first give the concrete construction of A H . 
Now for α, β, g ∈ G, n ∈ Z, and l
and
2) v g (l) is a unitary element in A G and thus
z H (v g (l)) = v g (l).
Proof. 1) It is easy to see that w
Similarly we can prove the second part of the lemma and we omit it here.
, which is exactly the element w e,α −1 β (n) given in [17] . Proof. Without loss of generality, one can suppose that k i = i and that n ≥ 2. Then
Lemma 3.3. Suppose that g i ∈ G and k
i ∈ N (1 ≤ i ≤ n, n ∈ N). If the image of δ g 1 (k 1 ) δ g 2 (k 2 ) · · · δ g n (k n ) under
that action of z H is not zero, then it is the linear combination of the products of elements with the form of w
This completes the proof.
Lemma 3.4. Suppose that x ∈ Z and l
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Similarly
. Now we consider the case of x = l + 1 2 :
Through a similar calculation one has
.
. This completes the proof.
Since the observable algebra A {e} is a C*-subalgebra of A generated by the set [17] 
and with the help of Lemma 2.2-Lemma 2.4, we have the following theorem.
Theorem 3.5.
A H is a unital C*-subalgebra of A generated by the set
subject to the relations induced by Definition 2.2.
Towards Galois theory for quantum double algebra
The following is the main result of the paper which states that the Hopf sub- 
It is clear that D(G; H) ⊆ D(G; H).
Moreover we have the following result.
Theorem 4.1. D(G; H) = D(G; H).

Proof. It is clear that D(G; H) ⊆ D(G; H).
On the other hand, suppose that d = 
